Abstract: An approximate shape of the free surface of an inviscid flow under a radial or Tainter gate as well as speed and direction of the flow along that free surface, in a sufficiently small neighbourhood of a common end point between the fixed and the free boundaries, has been presented. Conformal mapping, by Schwartz-Christoffel, has been applied to map the region of flow in the normalized complex potential plane onto the upper half-plane, and following Carter's method we are able to find the approximate solution. The effect of the Froude number as well as the shape of the radial gate on the free surface has been studied and the curves are plotted. The accuracy of the results is more than sufficient for practical purposes.
Introduction
Fluid flow under the radial or Tainter gate has attracted considerable attention throughout the history of fluid mechanics due to its wide application in regulating the flow of water over spillway crests, through canals and other hydraulic structures.
Since the fluid speed on the free surface downstream from the radial gate is not constant any more due to the effect of gravitational force, the free surface is unknown and this causes the basic difficulty in solving these hydrodynamic free surface flow problems. Thus the determination of the free surface as a part of the solution of these problems always involves a nonlinear coupled relationship along the boundary through Bernoulli's principle.
Early work in this study was considered by Pajer [lo] , Benjamin [3] and Perry [ll] where they took into consideration the variation in velocity in the hodograph plane. Southwell and Vaisey [12] replaced the Laplace equation by the finite-difference and then applied relaxation procedures. Fangmeier and Strelkoff [6] and Klassen [8] employed the complex function theory to formulate a nonlinear integral equation for the problem from which the solution is deduced. The Riemann-Hilbert method has been considered by Larock [9] for the problem of gravity affected flow from planar sluice-gates of arbitrary inclination, also for the problem of flow beneath radial or Tainter gates.
On the other hand, real progress toward an analytical study for the detailed description of gravity-affected flow past radial gates has been almost nonexistent. In 1987, Abd-el-Malek [1,2] studied the local behaviour of an inviscid flow from a uniform channel over a sharp-crested weir and under a sluice-gate, respectively, through a conformal mapping and Carter's [4] approximate formula for the conjugate velocity at the confluence of free boundaries and analytic fixed boundaries. extended the work of Carter [4] for higher order approximation.
The main object of the present work is to study the local behaviour of the flow under the Tainter gate using the same technique applied before by Abd-el-Malek in [1, 2] .
Effect of gravity, represented by the Froude number, and effect of gate curvature on the shape of outflow have been studied.
Formulation of the problem
An inviscid, steady, two-dimensional, irrotational flow of an incompressible, homogenous fluid past a Tainter gate of arbitrary inclination angle (Y is considered, as shown in Fig. 1 , which is the physical or z-plane. The fluid flows into the channel at AA, with uniform velocity U,. Since the fluid will flow through the orifice EC, a free streamline CD will form, and far downstream the flow is uniform and steady, having a depth yD and velocity qD. Upon this free streamline we assume that the pressure is constant. The surface AB is physically a free surface subject to atmospheric pressure only; for mathematical reasons this surface is assumed to be horizontal and located at a distance h above the channel bottom. In fact, as Benjamin [3] stated, at point B in Fig. 1 , the free surface rises to the stagnation level, and the velocity vanishes.
The origin of the coordinates z = x + iy is on the channel bottom directly under point B, which is the point where the upper free surface and the gate intersect.
The mathematical description of this flow is found by the following approach: (i) by conformal mapping the physical plane is related to a parametric upper half-plane, called the t-plane, and to the complex potential plane, called the W-plane;
(ii) Carter's approximate formula for the conjugate velocity at the confluence of free boundaries and analytic fixed boundaries is applied to find out an approximate solution for the speed, q, and direction of the flow, 8, along each point on the free surface;
(iii) the shape of the free streamline, under the gate, has been found in parametric form, terms of the parameter t of the upper half-plane, and hence the curvature of the streamline point C is studied. 
between point A, any point on the downstream free surface, and point D, respectively, for energy conservation. Here p1 is the gauge pressure far upstream on the upper free surface, p is the constant fluid density, g is the gravitational acceleration, q and y are the fluid speed and depth at a point on the downstream free surface. To model best the upstream free surface, p1 is equated to zero; due to the choice of the flow model, however, p1 need not necessarily be zero. The image of the flow in the plane of the complex potential W = $I + i$ is an infinite slit, as shown in Fig. 2 ; + is the velocity potential and $ is the stream function with I+L = 0 chosen to coincide with the free surface. The W-plane is related to the physical or z-plane by the hodograph variable (2.3) which is analytic within the stream; therefore, from the properties of analytic functions, 5 cannot be constant throughout any finite region unless it is constant everywhere.
Using the more convenient variable To determine W(t), the complex potential plane is mapped to the upper half t-plane (Fig. 3 ) so that the boundaries of the flow domain map onto the real line as shown. 
ln(t+l), where W'(t) = W( t)/( qDyD).
The physical plane is then given in normalized form as Separating real and imaginary parts we get (x'(t), y'(t)) for the free surface under the gate: Hence around point C, r + Of, (3.10) takes the form W(7) = r/IT, (3.10) (3.11) becomes small, and from (3.5), (3.7) and (3.8) we get the following approximate formulae: Hence from (3.18) we find that the
curvature of the free streamline around point C has an infinite value, for this property has been established in many similar instances when gravity is absent, see [3, 12] .
Comments and discussions
The approximate profile of the two-dimensional flow of an ideal fluid under a Tainter gate has been investigated. In Figs. 4-6, we studied effect of the Froude number, F, on the free streamline profile for fixed (Y = 45 o and K = 1 and different values of 6,. It is clear that the differences between the free streamlines increase as 0, decreases and the level of the free streamline goes up as the Froude number increases as it is expected.
In Fig. 7 we studied effect of the curvature for fixed Froude number at 0.6 and 0, at 45 O, and we found that as the curvature increases, the free streamline goes down more.
In the study of local flow behaviour around the common end point between the fixed and the free boundaries we used the result obtained by Carter [4] , as a first approximation, as well as the Schwartz-Christoffel transformation to map the normalized complex potential plane onto the upper half-plane. One may go beyond that degree of approximation, by applying the extended formula of Carter [4] derived by Hanna and Abd-el-Malek [7] , to obtain an expression for the profile of the free streamline with a higher degree.
On the basis of all evidence presented so far, it is obvious that the approximate formulae derived for the shape of the free streamline under the Tainter gate are very useful as an initial approximation when dealing with the problem through computational work in which iteration is required. Also, the results obtained are sufficiently accurate, and general, for practical purposes.
